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Abstract 

We propose an entanglement concentration scheme which uses only the effects 
of quantum statistics of indistinguishable partides. This establishes the fact 
that useful quantum information processing can be accomplished by quan- 
tum statistics alone. Due to the basis independence of statistical effects, our 
protocol requires less knowledge of the initial state than most entanglement 
concentration schemes. Moreover, no explicit controlled operation is required 
at any stage. 
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Quantum statistics has led to a number of interesting phenomena such as ferromag- 
netism, superconductivity and superfluidity. However, its effects have never been used to 
process information. Recently, we have shown that quantum statistics can lead to an effec- 
tive interaction between internal and external degrees of freedom of partides [Q]. This was 
demonstrated in the context of entanglement transfer from spin to path without an explicit 
conditional operation between these degrees of freedom. It was also shown that the extent 
of this transfer depended on the bosonic or fermionic nature of the partides IQ. Going 
even further in our exploration of the effects of quantum statistics in information theory, 
we present an entanglement concentration protocol @J^] based on these effects. This estab- 
lishes the fact that quantum statistics alone (without any other explicit interaction between 
the relevant degrees of freedom of the partides involved) is sufficient for useful quantum 
information processing. 

The best performances in quantum communication and computation processes are nor- 
mally achieved using a pair of pure maximally entangled systems (partides) shared between 
distant parties. But the inevitable influence of the environment during the distribution of 
the entangled pairs reduces the amount of shared entanglement. As entanglement cannot 
be increased by local operations and classical communication ||, the only option is to con- 
centrate it locally from a larger to a smaller number of pairs p|j3|j5Hïll ■ In the case of mixed 
states we call these protocols entanglement purification, while for pure states we refer to 
them as entanglement concentration ||. 

In a setting similar to previous entanglement concentration protocols, we consider the 
action of specific local operations on two pairs of entangled systems, driving them with some 
probability into one pair of more entangled systems. 

However, unlike most of the previous schemes, we require our entangled systems to be 
composed of n partides (see Fig. [I] for the representation of a pair of these systems). We 
look at the entanglement in the internal degrees of freedom of the partides, such as the spin 
in the case of electrons (fermions) or the polarization in the case of photons (bosons), which 
have isomorphic Hilbert spaces. The initial pure state of each of our two pairs, distributed 
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between two parties Alice (A) and Bob (B), is: 

= a\ Tt^_t )a\ U·~1)b + P\U·~ Ï)a\ TT • • ■ T)s (i) 
with | ck | 2 + |/3| 2 = 1 and where, for instance, we have: 

lTT·-·T}A = a+ 1T a+ 2T ··-a+ nT |o} = |Atr. (2) 

Here à + are creation operators that ensure the ordering of the multi-particle state, as the 
usual commutation and anti-commutation rules apply for bosons and fermions respectively. 
For sake of compactness, we will rewrite equation (j^ as: 

\<P) n = (a\A]) n \B\) n + P\Aj) n \B]) n ) , (3) 

where the tilde over the arrow reminds us of the string of spins (or polarizations). 

Let us now label one pair L and the other R (as in left and right - see Fig. |2|). Then, 
our total initial state is: 

W = \<t>)l ® \4>)% (4) 

where |</>)£ is given by equation (|I]) written for pair L, and similarly for R. 
Using equation (||D, we can rewrite the total state (§) as: 

w = * 2 \Ai)i\Ai)i\Bï)i\Bjr R + pMlnmimimn 

+ aP (\A])l\A\)l\B\)l\B])l + \Al)l\AÏ)l\BÏ)l\B\)Í) . (5) 

Our protocol consists of bringing each of Bob's partides into a 50/50 beam splitter 
(partides i from the left and the right systems go into beam splitter z, for i = 1,2, ... ,n) 
and then making a specific measurement on the output partides using detectors Li and Ri 
(see Fig. 0). Before the partides from the left fall into the beam splitter, we apply to each 
of them a specific unitary transformation U^, that flips their spin or polarization. This is 
done in the arm íi of each beam splitter and the transformation is defined for every i: 
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v , : { \B T>« - \B l)e, (g) 
1-5 i) a ~^ \B 

This flipping is applied in order to align some spins (or polarizations) in appropriate terms 
so that we can exploit the statistical effects later on. 
The total state then becomes: 

Wo) n = {yi®ui®---®u:)w 

= a?\A1)í\AÏ)ï\BÏ)í\BÏ)ï + ^\)l\Al)l\B[)l\B])l 

+ a(3 (\A])l\A\)l\B])l\B])l + \Al)l\A])l\B[)l\Bl)l) . (7) 

First, we present the entanglement concentration protocol for fermions (e.g. electrons) 
and then the counterpart protocol for bosons (e.g. photons). 

Fermions - After passing through the beam splitter, Bob performs path measurement 
on the first pair of partides coming out of the beam splitter using detectors LI and Rl (see 
Fig. 0). For simplicity of presentation, we first assume that these detectors do not absorb 
the partides and do not disturb their internal degrees of freedom (such detectors are indeed 
available for electrons and àtoms and can have interesting applications in deterministically 
entangling independent partides using indistinguishability and feedback |fL2|). However, as 
we will show later on, this is not a necessary requirement for success of our protocol. If the 
partides (which we assumed to be fermions) bunch, we discard them. Otherwise, in the case 
of anti-bunching, we get the pure state: 



i= (a 2 |AT)2|AT>S|Bínpiet>i lja |ST>r 1 |Sl>r 1 



+ (3 2 |>l|)2iA|}S|5ínpkí} ilfíl | J B|)r 1 |5t}r 1 ' 
+ a(3 (\AÏ)l\Al)l\BÏ)l\BÏ) R + |X[>S|^T>5I^I>SI^I>S)] > (8) 



where 



\a 



- + \^ + 2\aP\ 2 



(9) 
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and the state 

\Btriplet) L1R1 = (\B ]) Ll \B |) m + \B [) Ll \B t) m ) (10) 

is a triplet state, the anti-bunching result of Bob's measurement with detectors LI and Rl 
on the first pair of partides. 

The probability p\ of having anti-bunching and thus getting state |y?i) n (in an ideal 
measurement) is: 

Pi = ^ + ^ + 2M 2 = Ar r 2 , (11) 

because the first two terms have a probability | of anti-bunching, while the other two have 
probability 1 (we normalize these probabilities by | or | 2 , |/3| 2 and |a/?| 2 , the probabilities of 
obtaining the corresponding results). Thus, the state |</?i) differs from \(p Q ) in the first two 
terms (we "normalize" their amplitudes a 2 and (3 2 by the factor ^). 

After obtaining the anti-bunching result, we can now let the second pair of Bob's partides 
[Í2 and r2) pass through another 50/50 beam splitter and perform the same measurement, 
discarding again the bunching results. 

After repeating the same procedure n times, we get the state: 



a 2 ~ B 2 ~ 

^\Aï)l\Aï) n R \B triplet)*» + ^\A[)l\AiY R \B triplet) 1 



+ aP (\Aï)l\Al)l\B~m\BÏ) n R + \Al)l\A]) R \Bl)l\B[) R ) } , (12) 



with 



N n = 



\a 



4 I Qi4 



+ ^ + 2\aP\< 



2 n 2 n 

The probability of getting \tp n ) from \if n -i) is: 



(13) 



N,. 

So, the total probability for getting |y?„) n from \ipo) n is: 



Pn = ÍlPi = N?^ ) 2\aP\* = p. (15) 

i=l 



After applying the same procedure "infinitely many times" (to a "infinitely large state"), 
we obtain the state: 

l^oo) = lim \ip n ) n 

= hm -L {\AÏ)l\Al)l\B~ï)l\BÏ)l + \A\)l\A])l\B\)l\B\)l) . (16) 
The total probability is then: 

P = \ = \a(3\\ (17) 

Now note that even if we had, instead of non-absorbing, any kind of path detectors, our 
protocol would still work assuming we perforin a path measurement on n — 1 partides. We 
would then have absorbed all these n — 1 partides, and their state would be replaced by 
the vacuum state |0). In the n — > oo limit this will factorize out to give the final maximally 
entangled state: 

IVooHHm ^(l4>2l4)S|St) i |5t>i i + 1^1)214)^151)1:151^). (18) 

The probability p given by equation ( |Ï7|) provides us with a measure of efficiency of our 
entanglement concentration protocol. It is the amount of entanglement in e-bits that we can 
extract from a single pair of entangled partides in the initial state \(j)) n given by equation 
(H), in the limiting case: 

E°°(\<f>) n )=p,{n^oo). (19) 

Bosons - In this case, the procedure is almost the same as for fermions, but this time 
we discard the anti-bunching results and keep the bunching ones. 

After Bob measures the first pair of partides, we obtain a state similar to (|8|), but where 
the partides will now be either both in LI or either both in Rl. In other words, instead 
of the triplet state \Btriplet)Lim, we have the term T)li|.B l)n + \B \)r\\B J,)üi), 

while instead of \B])l\B]) n R we have j=(\B]) L1 \B]} L1 + l^mlBíMI^Ür^Ür \ and 
similarly for the last term in (|8|). 
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The probability of getting this state is again given by (|TT|) , p\ = iVf 2 . 

By reversing the selection of the path measurements performed by Bob (i.e. by now dis- 
carding the anti-bunching instead of the bunching results), we have established a symmetry 
between the bosonic and the fermionic protocols. The general state (O) and its probability 



(O) are in fact the "same" (isomorphic), as well as the total probability flTTj), p = \a/3\ 
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and the efficiency flïÜI): 

tf»(|0) B )=p,(n-oo). (20) 

Note that for both protocols (for fermions and for bosons) the unitary transformation 
U w = <8>™ =1 is crucial. Since states \ip) n and \ fo) n = U T \ip) n - given by equations (|5|) and 
(0) respectively - are isomorphic, one might expect the results to be the same regardless of 
U n being applied or not. This turns out to be wrong, as applying the protocol directly to 
\(p) n will yield the following state: 

= Km -r = = ^Mm^mmimi + /3 2 i^ï>2I^I>si^t>2I^t>^) , (21) 

y\ a \ + \p\ 

in general less entangled than the initial one. 

In the protocols we have presented here, local operations are performed on one side only 
(Bob). Classical communication comes about only once, when we have one way communi- 
cation from Bob to Alice at the end of the whole scheme. Of course, we can slightly change 
our protocols by allowing Alice to apply the same procedure on her side. This would require 
two way communication and would have half the time complexity of the protocol, but the 
amount of entanglement distilled would be the same. Also, note that both Alice and Bob 
could perform the operations on the n — 1 partides, each one on their side, using either one 
beam splitter sequentially or n — 1 beam splitters in parallel. The latter case has a lower 
time complexity than the former, but requires more resources (higher space complexity). 

The efficiency \a(3\ 2 of our protocol happens to be lower than both the efficiency 2|a| 2 
of the procrustean method and the efficiency — |a| 2 Log|o;| 2 — |/?| 2 Log|/3| 2 of the Standard 



asymptotic entanglement concentration procedure 0. However, our target is not to propose 
a more efíicient alternative entanglement concentration, but to explicitly demonstrate that 
it is possible to do entanglement concentration by using only the effects of particle statistics, 
without resort to an explicit controlled operation between spins or between spin and path. In 
all physical implementations of entanglement concentration or purification protocols to date 
|Ï0|]rïll , a polarization beam splitter or a polarization dependent filter (which accomplish a 
controlled operation on path conditional on spin) have been used. 

It is important to note here that our mechanism will work even if the basis states |f) and 
||), were rotated in a plane. This is because the only unitary rotation we use is U^, which 
will flip all spins in one plane. The rest of the protocol uses particle statistics, which is basis 
independent. On the other hand, for Standard entanglement concentration protocols 
it is necessary to know the basis. 

In this paper we have presented an entanglement concentration scheme which uses only 
the effects of quantum statistics. Although the emciency of the protocol is the same for 
both fermions and bosons, the protocol itself is slightly different depending on the nature 
of the partides. This brings forth a fundamental difference between these two types of 
partides in terms of their information processing power. Recent experiments such as |TB|jr^ 
suggest that it would be possible to test our results in the near future. It would also be 
interesting to investigate the possibility of entanglement distillation of mixed states using 
solely statistical effects. Future work will comprise of investigating more extensive quantum 
information processing procedures. 

N.P. thanks Elsag S.p.A. for fmancial support. Y.O. acknowledges support from 
Fundaçào para a Ciència e a Tecnologia from Portugal. V.V. acknowledges support from 
Hewlett-Packard company, EPSRC and the European Union project EQUIP. 
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FIGURES 




FIG. 1. This figure represents one of the two entangled pairs that we use for our protocol. Each 
pair is composed of two n-particle states entangled between Alice and Bob with at most 1 e-bit of 
entanglement. 




Detector LI Detector Rl Detector Ln Detector Rn 



FIG. 2. This figure represents the setup for our entanglement concentration protocol using 
quantum statistics. Initially, Alice and Bob share two pairs of entangled systems, L and R. Each 
entangled pair is composed of two n-particle states. One of the parties, say Bob, can then convert 
these pairs into a more entangled pair by performing a set of local operations using only Standard 
50/50 beam splitters, path measurements and one-way classical communication with Alice. 
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